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Characterization and quantification of multipartite entanglement is one of the challenges in state-
of-the-art experiments in quantum information processing. According to theory, this is achieved via
entanglement monotones, that is, functions that do not increase under stochastic local operations
and classical communication (SLOCC). Typically such monotones include the wave function and
its time-reversal (antilinear-operator formalism) or they are based on not completely positive maps
(e.g., partial transpose). Therefore, they are not directly accessible to experimental observations.
We show how entanglement monotones derived from polynomial local SL(2,C) invariants can be re-
written in terms of expectation values of observables. Consequently, the amount of entanglement—
of specific SLOCC classes—in a given state can be extracted from the measurement of correlation
functions of local operators.
I. INTRODUCTION
The preparation of multipartite quantum states and
the characterization of their entanglement properties is
one of the central issues of ongoing experimental re-
search in quantum-information processing. Technolog-
ical progress has made it possible to generate, e.g.,
Greenberger-Horne-Zeilinger (GHZ) and W states for
three and more qubits with trapped ions (up to fourteen
qubits, [1]) and photons (up to eight qubits [2]). More-
over, an entangled state that is locally inequivalent to the
GHZ state, the so-called cluster state could be generated
with up to eight photons [3].
The experimental detection of entanglement is a rather
subtle issue [4, 5]. Until now, the experimental char-
acterization of entanglement has been carried out using
entanglement witnesses or Bell inequalities (for a recent
review, see Ref. [6]). The advantage of these methods is
that the presence of entanglement in a given state can be
inferred simply from measuring certain correlation func-
tions of local observables. Although these methods are
not strictly quantitative since to date there is no for-
mulation of these concepts such that their results are
invariant under stochastic local operations and classical
communication (SLOCC) [7], recent proposals exist on
how (tight) lower bounds can be extracted with variable
numerical effort [8–11].
On the other hand, necessary criteria for the quan-
tification of entanglement were worked out and led to
the concept of the entanglement monotone [12]. Es-
sential properties are local SU(2) invariance, convex-
ity on the space of density matrices and non-increasing
value under local operations and classical communica-
tion (LOCC). The non-increasing property needs to be
extended to include also stochastic local operations and
classical communication (SLOCC) [13, 14]. The connec-
tion between SLOCC and invariance under local SL(2,C)
was established [13–15]. Based on this, the two SLOCC-
inequivalent entanglement classes for three qubits were
discovered whose representatives are the W and the
GHZ state [13]. While the former state exclusively con-
tains pairwise entanglement (measured by the concur-
rence [16]), a measure for the latter was derived for pure
states, the three-tangle [17]. Subsequently much work
was devoted to the classification of N -partite qubit en-
tanglement (N > 3), e.g., [18–24], but up to now it is
not clear what the essential criteria for such a charac-
terization might be. However, it is known that local
SL(2,C) invariance plays a major role [25], and SL(2,C)
invariants—both from classical invariant theory [20, 26–
30] as well as from other methods [15, 21]—can be writ-
ten in terms of the coefficients of a state alone (and not
their complex conjugate in contrast to SU(2) invariants)
and thus are naturally represented as expectation val-
ues of certain antilinear operators [22, 31]. This has the
drawback that those quantities are not directly acces-
sible in an experiment. Interestingly, also other promi-
nent entanglement detection methods related to not com-
pletely positive operators (as the Peres-Horodecki crite-
rion [32, 33]) share this drawback, which might indicate
that sensible measures for entanglement are hard to ac-
cess experimentally for conceptual reasons [5, 34]. For
measures as the negativity [35] the obstacles from dealing
with not completely positive maps can be circumvented
by adding the identity map [36] or by certain contraction
techniques [37]. The addition of an identity map was
applied also to the concurrence [38].
In this work we demonstrate how the antilinear formal-
ism in Ref. [21, 22]—and hence all polynomial SL(2,C)⊗q
invariants [31]—can directly be rewritten in terms of lin-
ear operators and expectation values thereof by means of
an invertible mapping [39]. This combines the advantages
of experimental accessibility and class-specific quantifica-
tion of entanglement (intimately related to SL(2,C) in-
2variance). It provides experimentalists with a tool to di-
rectly measure genuine multipartite qubit entanglement.
The mapping itself does not require qubits as local en-
tities and, therefore, could readily be applied also to
SL(d,C) invariants for higher local dimension d > 2 (e.g.,
for higher spin). On the other hand, a connection to al-
ternative approaches directly based on expectation values
of linear operators (for example, Ref. [40]) can be estab-
lished by means of the inverse mapping. This comparison
also highlights the advantage of an antilinear formulation
as far as the construction of, e.g., complete sets of in-
variants is concerned for future progress in entanglement
classification.
The paper is organized as follows. After briefly review-
ing the antilinear formalism we present the connection
with linear expectation values. Then we discuss some
basic conditions to measure such expectation values in
an experiment.
II. ANTILINEAR FORMALISM
In Refs. [21, 22] we have shown that SLOCC invari-
ants can be obtained via the expectation values of an-
tilinear operators, as a straightforward generalization
of the well-known entanglement measures concurrence
C(φ) = |〈φ|σy ⊗ σyC|φ〉| for a two-qubit state |φ〉 and
three-tangle τ3(χ) for a three-qubit state |χ〉:
τ3(χ) = |〈χ|σµ ⊗ σy ⊗ σyC|χ〉〈χ|σµ ⊗ σy ⊗ σyC|χ〉| (1)
= |〈χ| • 〈χ|(σµ ⊗ σy ⊗ σy) • (σµ ⊗ σy ⊗ σy)C|χ〉 • |χ〉| . (2)
Here the symbol • indicates a tensor product where the
jth factor is related to the jth copy of |χ〉, σµ are the
Pauli matrices (σy ≡ σ2, σ0 ≡ 1l) and C is the complex
conjugation operator. The “metric” for the contraction
of lower and upper indices is gµν = diag {1,−1, 0,−1}.
In Eq. (2) it is evident how the three-tangle can be writ-
ten as an expectation value of an antilinearly Hermitian
operator with respect to a multiple copy of the state |χ〉.
The basic ingredient for the construction of global anti-
linear operators (“filters”) are local operators (“combs”)
that have zero expectation value for any pure state of the
local Hilbert space. The two simplest independent combs
are
O1 = σyC (3)
O2 = σµ • σµC :=
3∑
µ,ν=0
gµνσµ • σνC . (4)
III. LINEAR EXPECTATION VALUES
Consider now a q-qubit state |ψ〉. Any polynomial
q-qubit SL(2,C)⊗q invariant (an antilinear expectation
value of several copies of the pure state) can be expressed
in terms of linear observables after rewriting the product
of the (complex) q-qubit invariant and its complex con-
jugate expression
〈ψ|Oˆ ⊗ . . . |ψ∗〉 . . . 〈ψ∗|Oˆ† ⊗ . . . |ψ〉 · · · = (〈ψ| ◦ 〈ψ∗|) • . . .
[
(Oˆ ◦ Oˆ†) • . . .
]
⊗ . . . (|ψ∗〉 ◦ |ψ〉) • . . .
= (〈ψ| ◦ 〈ψ∗|) • . . .

(Oˆ ◦ Oˆ†) • · · ·
∏
j
IPj,k

⊗ . . . (|ψ〉 ◦ |ψ∗〉) • . . . (5)
Here we have rearranged the factors and introduced the
symbol ◦ to indicate the tensor product of the jth copy
and the corresponding copy from the complex conjugate
expression. The square brackets enclose—for the kth
qubit—as many pair-wise ◦ products as there are copies
of the state |ψ〉 in the antilinear expression of the invari-
ant. The permutation operator IPj,k exchanges the jth
copy of the kth qubit with the jth copy of the kth qubit
in the complex conjugate expression [41] and the product
extends (for the kth qubit) over all copies j of that qubit.
Now, even the complex conjugation in the copies |ψ∗〉
can be removed by including a partial transposition act-
ing non-trivially on all operator factors to the right of a
◦ symbol. It is worth mentioning that since we deal with
Hermitian operators, this partial transpose is equivalent
to a partial complex conjugation. We quote the result for
the concurrence as the simplest illustration of the pre-
sented invertible mapping. The operator corresponding
3to σy is found to be
1
2
Mµνσµ ◦ σν and we can write
|C(φ)|2 = 〈φ|σy ⊗ σy|φ∗〉〈φ∗|σy ⊗ σy|φ〉 (6)
=1
4
MµνMκλ〈φ| ◦ 〈φ|(σµ ⊗ σκ) ◦ (σν ⊗ σλ)|φ〉 ◦ |φ〉
where Mµν = diag {1,−1,−1,−1}. In the above equa-
tion, the symbol “◦” stands for a usual tensor product.
We use a different symbol for highlighting that different
copies of the same state are multiplicatively combined
where the different copies arise from taking the absolute
square of an SL(2,C) invariant. In contrast, “•” indi-
cates tensor products of different copies of the pure state
leading to a given homogeneous degree of the (complex)
polynomial SL(2,C) invariant (see above), and “⊗” rep-
resents the usual tensor product structure of the multi-
qubit Hilbert space. Note that the metric Mµν for the
summation in Eq. (6) is precisely the Minkowski metric,
which is the invariant metric with respect to SL(2,C).
Hence, we have found a rule to write the linear operator
corresponding to a comb O = Oˆ C as
L[Oˆ] := (1l ◦ T)[(Oˆ ◦ Oˆ)IP] (7)
where the partial transposition operator T acts only on
the operator factors in O and IP to the right of the ◦
symbol. Moreover, IP =
∏
j IPj,k. For the comb σµ • σµ
we find
L[σµ • σµ] = Gκλµν(σκ • σλ) ◦ (σµ • σν) (8)
where we have defined
Gκλµν =
1
2
(MκλMµν − 1
2
MκµMλν +MκνMλµ) (9)
These results represent a prescription to express arbi-
trary polynomial SL(2,C)⊗q invariants in terms of ex-
pectation values of linear operators. The principal idea
of the mapping (7) is generic to SL(2,C) invariants and
not limited to qubits. Clearly, the elegance of the anti-
linear formalism can be noted by comparing Eq. (1) to
the more cumbersome representation of the three-tangle
in terms of spin correlation functions (the formal exis-
tence of such an expression for the three-tangle in terms
of projectors was observed in Ref. [42])
|τ3(χ)|2 = 1
16
Mµ1µ3Mµ2µ4Mν1ν3Mν2ν4Gκλµν 〈χ|σµ1σµ2σκ|χ〉〈χ|σν1σν2σλ|χ〉
〈χ|σµ3σµ4σµ|χ〉〈χ|σν3σν4σν |χ〉 . (10)
=
1
9
Gκ1λ1µ1ν1Gκ2λ2µ2ν2Gκ3λ3µ3ν3〈χ|σκ1σκ2σκ3 |χ〉〈χ|σλ1σλ2σλ3 |χ〉
〈χ|σµ1σµ2σµ3 |χ〉〈χ|σν1σν2σν3 |χ〉 . (11)
The manifest “Lorentz invariance” of Eqs. (10), (11) is
striking. While simplicity favors the antilinear frame-
work, Eqs. (10), (11) are important both from a concep-
tual and a practical point of view: they indicate how the
three-tangle of a pure state could be directly measured in
an experiment. It is necessary to emphasize again that
the correlation functions in these equations (as well as in
Eq. (6)) are just the usual one-copy expectation values
that are measured in standard quantum tomography, as
opposed to other approaches, e.g., Ref. [40].
An interesting conclusion from this approach is that
it clarifies the relation between SL(2,C) invariants and a
proposal to use the projection operators P− and P+ to
assess entanglement in multipartite qubit systems [40].
To this end we note that the linear operator correspond-
ing to σyC (cf. Eq. (6)) equals precisely the operator P−
in Ref. [40], which proves SL(2,C) invariance of P−. On
the other hand, P+ is not invariant under SL(2,C), which
becomes evident on transforming it back to the antilinear
framework
〈ψ| ◦ 〈ψ|P+|ψ〉 ◦ |ψ〉 = γµν〈ψ|σµ|ψ∗〉〈ψ∗|σν |ψ〉 ; γµν = diag {1, 1, 0, 1} (12)
and take into account the results from Ref. [21]. As a
consequence, an expression for qubits constructed exclu-
sively from P− in the way proposed in Ref. [40] coincides
with the well-known N -tangle proposed by Wong and
Christensen [43] for an even number of qubits. Its use as
a measure of multipartite entanglement has certain limi-
tations [43, 44], but an analytic convex roof extension is
available [45].
On the other hand, the mapping (7) of Oˆ = σy and re-
sults from [31] show how P− can be used for constructing
polynomial SL(2,C) invariants of higher homogeneous
degree. The resulting procedure is entirely equivalent to
employing full singlet contractions with the spinor met-
ric tensor in the antilinear framework (see e.g. [15]). The
latter method is considerably less efficient than using the
pair of combs (3),(4) proposed in [21].
4IV. EXPERIMENTAL DETECTION
Now let us discuss the possibility of measuring a quan-
tity such as the three-tangle in Eq. (10). If the state Ψ
under consideration were pure, its entanglement could in-
deed be determined directly by measuring all the correla-
tion functions that appear on the right-hand side (r.h.s.)
of Eq. (10), i.e., by performing full state tomography.
This is expensive in terms of resources, but it is eas-
ily seen why: No prior knowledge whatsoever about the
state Ψ is required, so it has to be collected in the tomog-
raphy. It is well-known that the amount of entanglement-
related information in a state grows exponentially with
Hilbert-space dimension, therefore it is not surprising
that “measuring an entanglement measure” cannot be
done efficiently[5, 34].
In an experiment, however, one has to deal with mixed
states ρ = (1 − ε)|Ψ〉〈Ψ| + ερ˜ where Ψ is usually highly
entangled, ε ≪ 1, and ρ˜ is an admixture. This has two
consequences:
(i) The quantity on the r.h.s. of Eq. (10) looses its sig-
nificance for growing ε, as the experimentally measured
correlation functions are expectation values for ρ rather
than for Ψ: 〈. . .〉 = tr(ρ . . .). Therefore, the combination
of experimentally measured correlation functions on the
r.h.s. in Eq. (10) will deviate from the true three-tangle
by a correction that depends on the fidelity of Ψ in ρ.
(ii) The true three-tangle τ3(ρ) will typically be re-
duced beyond the mere loss of weight of Ψ in ρ, τ3(ρ) ≤
(1 − ε)2τ3(Ψ). This is a general property of the convex-
roof extension and cannot easily be assessed, neither ex-
perimentally nor theoretically. Here we present an at-
tempt to estimate a lower bound of τ3(ρ) for small ε.
In case of non-systematic errors, it should be reason-
able, as a first approach, to assume this erroneous ad-
mixture ρ˜ to be completely uncorrelated or unpolarized.
For the discussion of unpolarized noise, we rewrite
ρ = (1− ε)|Ψ〉〈Ψ|+ ε
d
1l (13)
where d is the dimension of the Hilbert space, i.e., for q
qubits we have d = 2q.
Let us first analyze the error contribution of type (i).
That is, the correlation functions in Eq. (10) are taken
with respect to the state (13) instead of the pure state Ψ
as described above. The identity matrix in Eq. (13) will
give a contribution only for those terms that exclusively
contain σ0 operators for each qubit since any appearing
Pauli matrix leads to a vanishing trace. Then, the error
of type (i) is easily estimated as
C2exp = (1 − 2ε)C2(Ψ) +
ε
2
(14)
for the squared concurrence, and
τexp3 = (1− 2ε) τ3(Ψ) +
ε
8τ3(ψ)
Mλ1λ2Mµ1µ2Mν1ν2〈σλ1σµ1σν1〉〈σλ21l1l〉〈1l σµ2σν2〉 (15)
for the three-tangle. Here, C2exp and τ
exp
3 are the values of
the respective entanglement measure if one simply sub-
stitutes the measured correlation functions with respect
to the state (13) into Eqs. (6) or (10), respectively. The
relations (14), (15) show how those values are related to
the entanglement measures of the pure target state Ψ,
taking into account only errors of type (i) and ignoring
those of type (ii). It is obvious that this kind of linear
error analysis can be carried out also if the admixture is
not as simple as in Eq. (13). We emphasize that in all
the contractions the indices are local. Note that we do
not use the squared three-tangle from Eq. (10), because
an SL(2,C) invariant is an entanglement measure only if
its homogeneous degree in the wavefunction coefficients
does not exceed four [46].
For clarity, we sketch the procedure how to obtain the
“measured three-tangle” of an unknown and high-fidelity
target state Ψ, experimentally represented in a mixed
state ρ: a) perform full quantum state tomography on ρ,
b) determine the value of ε, that is, the fidelity of Ψ, c)
use the measured correlation functions and the value of ε
in Eqs. (14), (15) to compute the entanglement measure
for Ψ.
Concerning the error type (ii), the admixture will af-
fect the multipartite entanglement in the state beyond
the mere loss of weight ε. This effect is generic when dif-
ferent entanglement classes coexist (see Ref. [47]) and is
reflected in the convex-roof extension, which makes this
error type considerably more complex. That is, even if
we correctly take into account the deviation of type (i),
the resulting three-tangle will be overestimated. In order
to refine the estimate, we discuss optimal decompositions
of weakly mixed states.
Each decomposition vector of the density matrix (13)
can be written as follows
|Φi〉 = Ui,0
√
1− ε|Ψ〉+
∑
l
Ui,k
√
εpk|ϕk〉 (16)
where ρ˜ =
∑
k pk|ϕk〉〈ϕk| and U is a block of a unitary
matrix, i.e., its column vectors ~uk := (U0,k, U1,k, . . . ) are
orthonormal, in particular
∑
i |Ui,k|2 = 1. For ε = 0
the optimal decomposition is trivially given by a single
column vector with the only non-zero element U1,0 = 1.
Continuity arguments for the decomposition vectors show
5that for ε≪ 1 a δ =: ∆ ε≪ 1 exists such that
U =


β1
... δi,j
βm
α1
√
∆ε
α2
√
∆ε γi,j
...


(17)
where
∑N−m
j=1 |αj |2 = 1 and without loss of generality
β ∈ R+. Here, ∆ will be of order 1. Then,
m∑
j=1
β2j +∆ε = 1
m∑
i=1
|δi,j |2 +
N−m∑
i=1
|γi,j |2 = 1
It is worth noticing that the matrix elements δi,j and γi,j
will also be of order 1 such that U itself will typically not
be continuous as the length of the optimal decomposition
may change. The convex roof is obtained as the average
three-tangle in the optimal decomposition
τ3(ρ) =
∑
i
〈Φi|Φi〉−1|〈Φi|Σµ22|Φ∗i 〉〈Φi|Σµ22|Φ∗i 〉| , (18)
where we have used the abbreviation Σµ22 := σµ⊗σ2⊗σ2.
There is one particular case that needs to be distin-
guished: namely if m = 1 and δ1,j ≡ 0. It corresponds
to a situation, where the convex roof close to the state
Ψ is affine in a range well beyond ε. Then, the situation
simplifies a lot and a lower bound for the entanglement
is simply given by τ3(ρ) ≥ τ3(ψ)(1 − 2∆ε). An example
for this is a mixture of a GHZ state and an orthogonalW
state as studied in [47–49], where ∆ = 1
2
1
1−p1
≈ 1.71 with
p1 =
1
2
+ 3
310
√
465 ≈ 0.71. A drawback of this estimate is,
however, that for a generic experimental situation, it will
be difficult to understand whether this scenario applies
and what the value of ∆ would be.
It is worthwhile recalling [10, 49, 50] that, when the
GHZ state is mixed with equal weights of W and the
flipped W state the three-tangle vanishes already for
ε = 1/4. From this, in Ref. [10] an upper bound for
the pseudo-pure state Eq. (13) (ε = 1/4) was derived:
τ3(ρ) ≤ 1/9. An analysis of general decompositions along
the lines discussed above (we do not show the calculation
here) cannot compete with such “heuristic methods”, as
it leads to estimates for the three-tangle of the state in
Eq. (13) which are by far too conservative. Recently,
the convex-roof problem could be solved for
√
τ3 of the
so-called GHZ-symmetric states [51]. The exact result
for the pseudo-pure GHZ state is
√
τ3(ρ(ε)) = 1 − c ε
(with c ≈ 3.284) which extends up to ε ≈ 0.304 where√
τ3 vanishes. For the estimation of τ3(ρ) in a generic
case, an in-depth analysis would be desirable in order to
understand how a sensible estimate can be found.
We emphasize that, in contrast to the error described
by Eq. (15), the estimates for error (ii) represent bounds
to the true mixed-state tangle of the state ρ. One must
not combine both errors to a total error, since they cor-
respond to different quantities. The deviation in for-
mula (15) could be used to experimentally check to which
extent a maximally entangled state has been produced,
and a subsequent distillation procedure could be applied
to improve fidelity and entanglement. In contrast, er-
ror (ii) addresses the question how much entanglement
there really is contained in a mixed state that has been
produced in the laboratory.
V. CONCLUSIONS
We present a one-to-one mapping which translates en-
tanglement measures formulated within an antilinear for-
malism [21, 22] into expressions in terms of linear opera-
tors. These linear expressions have twice the multilinear
degree of their more compact originals in the antilinear
framework and thus an approach to entanglement quan-
tification and classification most naturally appears within
the antilinear formulation. Thus, from a formal point of
view our results favor an antilinear approach in order to
obtain a deeper understanding of entanglement in mul-
tipartite qubit systems. This aspect is particularly im-
portant since for defining a proper entanglement hierar-
chy in multipartite systems each family of entanglement
should be expected to have its own measure [44]. On
the other hand, the linear framework explicitly displays
the “Lorentz invariance” of the entanglement measures
which was pointed out before in many occasions (see,
e.g., [52, 53]) and which may turn out advantageous in
an alternative formalism to describe entanglement the-
ory.
An important result of this work is an explicit expres-
sion of the three-tangle in terms of spin expectation val-
ues. The transcription of multipartite entanglement mea-
sures given as expectation values of antilinear operators
in Ref.[21, 22] is straightforward with the results pre-
sented here, but it is not the scope of this work to list
them explicitly. The invertible mapping (7) from the an-
tilinear to the linear setting is not limited to applications
for qubits. As soon as antilinear expressions for polyno-
mial invariants of qudit systems are available, also these
can be transcribed using the same technique. The linear
counterparts of entanglement measures for true multi-
partite entanglement are a key for experimentalists to
measure genuine multipartite entanglement in a class-
specific manner, as a complement to using entanglement
witnesses.
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